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Abstract- The concepts of equilibrium boundary layers are used to determine the temperature distributions 
and heat flux in turbulent incompressible boundary layers. The effects of wall heat flux gradients. free 
stream pressure gradients and varying turbulent Prandtl number are considered and discussed. The two 
cases of heat transfer and adiabatic wall are analysed and the Reynolds Analogy Factor and Recovery 
Factor are computed. A comparison is made between the turbulent shear stress and the turbulent heat flux. 

Considerations are confined to the outer. fully developed turbulent part of the boundary layers. 

NOMEN~ATURE 

4, A,, variable coefficients defined by 
A3, I), equations (26)_(28), (34) and (35); 

wake parameter in equation (14); 
empirical constant in skin friction 
equation (16) ; 
local skin friction coefficient ; 
specific heat at constant pressure; 
shape parameter, equation (13) ; 
constant in asymptotic form of 
velocity defect, equation ( 17) ; 
average pressure ; 
molecular Prandtl number ; 
heat flux (positive from the fluid 
to the wall); 
recovery factor ; 
Reynolds number based on down- 
stream flow distance ; 
Reynolds number based on dis- 
placement thickness ; 
Stanton number ; 
hypothetical temperature defined 
by equations (4) and (5); 
average temperature ; 
~uctuatin~ components of velocity ; 
components of average velocity ; 

friction velocity ; 
Coles’ wake function, equation (12) ; 
space coordinates (flow in x diree- 
tion) ; 
constant in temp. “law of the wall”, 
equations (42) and (47); 
total boundary-layer thickness; 
boundary-layer displacement thick- 
ness ; 
Ciauser thickness, equation (2); 
von K&-m&n constant in velocity, 
equation (11) (~0.41); 
pressure gradient parameter, 67 = 
(do/r,,,) dP,/dx, equation (1); 
density ; 
turbulent Prandtl number ; 
turbulent shear stress ; 
temperature defect function ; 
dimensionless shear stress function, 
equation (20); 
variable in temperature defect para- 
meter, equations (31) and (32); 
wall heat flux gradient parameter, 
St = A/~[~dq~/dx~/q~~, equation 

t6a); 
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Y/A ; 
defined by equation (3). 

Subscripts 
a, adiabatic wall case ; 

4, heat-transfer case ; 
.% total or stagnation conditions; 
W, conditions at wall ; 
mo, free stream conditions. 

Superscripts 
I denotes differentiation with respect 

to q. 

1. INTRODUCTION 

AT THJS stage in the development of turbulent 
boundary-layer research, no single theory has 
yet evolved which can completely define all of 
the flow variables which exist in turbulent flows. 
Much of the most recent work in this field has 
involved the use of finite difference methods to 
solve the turbulent boundary-layer equations 
[l, 21. However, even these methods must rely 
on a certain amount of empirical data and hypo- 
thetical relations to make the particular equa- 
tions used a determinate set. In addition, the 
finite difference methods themselves can be 
considered experimental because, in many cases, 
these methods lack a rigorous mathematical 
proof that they converge to the true solutions 
of the boundary-layer equations. In spite of these 
drawbacks, the finite difference methods seem 
to be one of the most reasonable approaches 
provided that they are used in conjunction with 
valid physical concepts. One such physical 
concept is the basis for the present work and is 
commonly referred to as the concept of equi- 
librium boundary layers. This concept simply 
states that there are certain types of boundary 
layers in which the velocity profiles are similar 
in shape at various positions, x, and only differ 
by a scale factor in U and y [3]. This implies that 
parameters which relate to the shape of the 
velocity profiles do not vary with x. Such bound- 
ary layers can also exist in the presence of 
pressure gradients, as long as the pressure 

gradient parameter, ZZ, remains constant. The 
exact experimental results of Clauser [4] have 
verified the existence of such boundary layers 
and the theoretical development of this concept 
was expanded by Rotta [3]. 

The basic principles of equilibrium boundary 
layers are applied here to the problem of deter- 
mining the temperature distributions in incom- 
pressible turbulent boundary layers. This 
represents an expansion of the earlier work of 
Rotta [ll] and includes the additional effects 
of free stream pressure and wall heat flux 
gradients. In a more recent article [12], Alber 
and Coats considered the effects of free stream 
pressure and wall heat flux gradients. However, 
their investigation was limited to the case of heat 
transfer. The approach used by Alber and Coats 
was based on the application of an effective 
viscosity concept, which was hypothesized by 
Mellor and Gibson [15], to develop a family of 
equilibrium enthalpy profiles. In the present 
report, the mean velocity is given analytically 
and the turbulent heat flux is related to the 
turbulent shear stress by the concept of turbulent 
Prandtl number. The influence of a variable 
turbulent Prandtl number and a constant 
turbulent Prandtl number different from unity 
is considered. In addition, the problem is solved, 
not only for the heat transfer case, but also for 
the case of the adiabatic wall. (This case is some- 
times referred to as the wall thermometer 
problem, since the wall temperature is assumed 
to be in equilibrium with the surrounding 
mediums, much the same as a thermometer.) 

The development of the basic theory de- 
scribed in this report and the method of trans- 
forming the boundary layer equations were 
taken from the notes of Dr. J. C. Rotta, Aero- 
dynamische Versuchsanstalt, GBttingen. The 
computations, analysis and discussion of the 
results were done by the author. 

2. STATEMENT OF THE PROBLEM 

In this work, considerations are confined to 
the fully developed turbulent part of the 
boundary layer and the viscous sublayer is 
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assumed to be very small in comparison to the 
total bounda~ layer thickness. The problem is 
formulated by asking what the temperature 
distribution at any point, x, is, given that the 
velocity distribution and certain free stream 
and boundary conditions are known. 

By keeping in mind that the equilibrium 
conditions of constant pressure gradient and 
shape parameter must be satisfied, a pressure 
gradient parameter, n, is defined as 

AU dPw - _ “=y 
A dLr,/dx 

w dx 
- ~ = Constant, (1) 
w u, 

where A is the Clauser thickness defined by 

A= 
s 

[J, - U 
dy. (2) 

4 
0 

it will be defined as the wall heat flux gradient 
parameter, 

sz _ 4 dq,fdx -- 
* 4lV * 

(6a) 

which is analogous to the pressure gradient 
parameter defined by equation (1). 

These parameters are used, in combination 
with an assumed velocity profile, to transform 
the simplism boundary-layer equations into 
an ordinary differential equation with a tempera- 
ture function as the independent variable. 

3. DEVELOPMENT OF THE EQUATIONS 

With the standard assumptions for incom- 
pressible turbulent boundary layers 163, the 
de~ning flow equations can be written as : 

In order to satisfy the equilibrium condition, Continuity 
dA/dx must be constant. In similar fashion, the 
concept of similarity can be applied to the 8*+?!!=, 

dx ay ’ 
temperature distribution and a dimensionless 
parameter, r, can be defined by Momentum 

c: A dt/dx 
=-- -* 

0 t 

The quantity t is a hypothetical temperature Energy 
which is defined, for the adiabatic wall case, by 

-P 

so that, in this case, < = -211. For the case of 
heat transfer, Squire [5] termed t a “friction 
temperature” in analogy to the friction velocity, 
un and he defined it by 

-4w 
t,=----. 

PCpU, 
(5) 

Substitution of equation (5) into equation (3) 
yields 

+;y+n. (6) 
w 

(7) 

dP 

5 
(8) 

fzE+(JdP 
ay di (9) 

3.1 Felocity distribution 
Since only the region outside of the subtayer 

is being considered, the velocity defect law, 
defined by 

P=U,-U (IO) 
% 

can be applied. In this regard, a logarithmic 
velocity profile is assumed, so that 

The first term in this equation defines the varia- 
tion of the wall heat flux with x. For this reason, 

F= -k[ln(i)-B(Z--w)l (11) 
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where w is Coles wake function, which can be 
approximated by 

w=3~(~~-125(~~+183(~) 

- I,,($ + 38($ 112) 

The wake factor, B, is a free parameter and is a 
constant which can be determined from a 
characteristic shape parameter of the defect 
law. This characteristic parameter is defined as 

m 

parameter, Il. Through experimental and theo- 
retical considerations Nash [7] derived the 
following relationship : 

I = 6.1 J( II + 1.81) - 1.7. (15) 

As the sublayer is approached, it is usually 
assumed that the velocity profile conforms to 
the “law of the wall” and is described by the 
equation, 

~=~ln(~)+C,(~>50) (16) 

1 = I[ FZ dq . (13) where C is a constant which depends on the 

n, 
QO5 0.10 0.15 

‘1 
QZO 

FIG. 1. Velocity defect pro~~eswith adverse pressuregradients. 

Through integration of the square of the velocity 
defect law, equation (ll), over the boundary- 
layer thickness, the shape parameter is ex- 
pressed as a function of B, namely 

I = 2 + 3.2B + 1.5229 

rc(l+B) ’ 
(14) 

For equilibrium boundary layers this parameter 
must be considered constant with X. Ciauser 
[4] has postulated that the shape parameter, I, 
must be a function of the pressure gradient 

surface roughness. There is a region where the 
inner profile equation (16) and the outer 
profile equation (11) approach each other 
asymptotically. Therefore, if these two equations 
are set equal to each other, a relationship for 
the skin friction coeficient can be obtained: 

1 _- 
w- 

lnRe,*+C+K, (17) 

where K is determined from the wake parameter 
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by 

K= 
1 +B -‘In K +?!, 

ic ( J K 

and Re,* is the Reynolds number based on the 
displacement thickness [8]. Equation (16) can 
also be expressed in terms of F and v] by 

limF= -ilnq+C+K. (18) 
ll-‘O 

Some examples of the velocity defect profiles, 
computed from equation (11) are shown in 
Fig. 1. The values of o shown in Fig. 1 were 
computed from equation (17) by assuming a 
Reynolds number, based on the displacement 
thickness, of 5500. 

3.2 Turbulent Prandtl number distribution 
The concept of the turbulent Prandtl number 

relates the exchange of momentum to the 
exchange of heat in turbulent flows. Specifically, 
it is the ratio of turbulent eddy viscosity to 
eddy heat conductivity. With the aid of this 
definition, the turbulent shear stress can be 
related to the turbulent heat flux by 

7, ot auiay -=-_ 
cp aTlay' 4t 

(19) 

where (T, is the turbulent Prandtl number. 
Earlier theories have postulated that the tur- 
bulent Prandtl number remained nearly con- 
stant and was, in fact, equal to 1. The relatively 
exact measurements made by H. Ludwieg [9] 
in a circular pipe have refuted this postulation 
and have shown a decrease in ct from a value 
of about G9 at the wall to approximately 0.67 
in the center of the pipe. This indicates that the 
turbulent momentum exchange increases more 
than the turbulent heat exchange as the level 
of turbulence increases. The results of H. 
Reichardt [lo], from measurements in a free 
jet, indicated values of Q, as low as 0.5. There is, 
however, no universal relationship which one 
can use to specify the turbulent Prandtl number 
at a given point. Therefore, the distributions 

assumed in this work are strictly arbitrary and 
the intent is merely to show the effect of a varying 
turbulent Prandtl number on the temperature 
distributions. The arbitrary distributions as- 
sumed in this work are listed in Table 1. 

Table 1. Assumed variation of u, 

1. constant 
2. convex 
3. linear 

4. linear decreasing 

c, = Cl, 
0, = 09 - oqy/Cq2 
0, = 0.9 - 04 (y/S) 

0, = at, - (utw - @S)(Y/S) 

3.3 Shear stress distribution 
The shear stress distribution is calculated 

by first defining a dimensionless shear stress 
parameter, cp, 

u)= _!E=2_ (20) , 
T+ L’ 

This quantity is then substituted in the momen- 
tum equation (8) and the velocity in the y 
direction is eliminated by use of the continuity 
equation (7). By applying the equilibrium 
boundary layer assumption and the velocity 
defect law, the following equation for cp’ results. 

cp’ = n[2F - oFZ] 

(q - w~Fd,>,. (21) 

where q = A/y and dA/dx is a constant, which 
is determined by integrating the above equation 
over the entire boundary layer. The result of 
this integration is 

dA 
-= 
dx 

& [I?(3 - 201) + 11. (22) 

The shear stress at any point, q, can be found 
by integrating equation (21) from 0 to q: 
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(23) 

4. TRANSFORMATION OF BOUNDARY LAYF,R 
EQUATIONS 

In a manner analogous to the velocity defect 
concept, a “temperature defect parameter”, 
@, is defined as 

@ = (T- TJt, (24) 

where Tis the average fluctuating temperature, 
and t was previously defined in equations (4) 
and (5). The energy equation (9) can be ex- 
pressed in terms of non-dimensional quantities 
through the use of equations (ll), (19), (20) and 
(24). After performing the necessary sub- 
stitutions, the result is a second order, ordinary 
differential equation, linear in @: 

@” + A,@’ + A,@ + A, = 0 

where the coefficients are defined by 

(25) 

A, = 

‘: (2F - oF2), 06) 

WtF 
A, = (1 - wF)--- 

cp ’ 
(27) 

and 

A, = 
u2 oJ2a, m f-2 

Cd 
(28) 

If the boundary conditions are now specified, 
the problem will be mathematically formulated. 
Use is made of the definition of the turbulent 
Prandtl number to specify a boundary condition 
as the wall is approached. For the adiabatic 
wall case, this condition is 

or 

limT= -_d !ZE! 
y+o aY *wcp ay ’ 

lim @’ = 2ot, (1 - oF) F’ (29) 
q-0 

Similarly, for the heat transfer case, the con- 
dition is 

lim Cp’ = at,,,F’ (30) 
Y‘O 

If these boundary conditions are integrated, the 
result for the adiabatic wall is 

Qi = orw(2 - oF) F + ‘Pa 

and the heat transfer 

(31) 

@ = q,,,F + Yq, where lim Y = constant. 
1‘0 

(32) 

By generalizing these equations to apply over 
the entire boundary layer, the problem can be 
formulated in terms of Y by substituting 
equations (31) and (32) into equation (25) so 
that 

Y” + A,Y’ + A,Y + D = 0, 

where, for the adiabatic wall case, 

(33) 

D, = 2a,,A,(l - oF) F’ + o,,A,(2 - wF) 

x F + 2a,,F”(l - oF) - 2oF”( 1 - oF) (34) 

and for heat transfer 

D, = a,,A,F’ + a,,A,F + afwF”. (35) 

The boundary condition as the wall is 
approached 

lim Y = constant. 
4+0 

06) 

The other boundary condition can be defined 
at the outer edge of the boundary layer as 

Y=O; r] = 6/A . (37) 

It should be remarked here that one reason for 
formulating the problem in terms of Y, is that 
this function rather clearly illustrates the in- 
fluence of II, a and a, on the correspondence 
between the temperature and velocity gradients. 
Consideration of equations (25) and (33) and the 
coeflicients A,, A, and D reveals that, when 
a, = 1-O = constant and n = a = 0, there is a 
one to one correspondence between the tempera- 
ture and velocity defects, that is, @ = F. This is, 
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of course, to be expected from the definition of 
the turbulent Prandtl number. However, if any 
of these three functions are varied, this con- 
dition no longer exists. The additional signifi- 
cance of these functions will become evident in 
the paragraphs that follow. 

5. DISCUSSION OF RESULTS 

Equation (33), with boundary conditions (36) 
and (37), was solved numerically using a back- 
ward difference method which was started at the 
outer edge of the boundary layer. In applying 
the finite difference method two important 
aspects of the problem must be considered. 
First, there is a singularity at the outer edge 
of the boundary layer (v = 6/d). Second the 
asymptotic form of the velocity defect equation 
(18) is only valid outside of the sublayer (yu,/ 
v :, 50). Therefore, the value of q must be 
restricted so that it does not become less than 
approximately 5O/Re,*. The finite difference 
method was used to calculate the values of Y, 
I’ and Y“ from q = 6/A to SO/Red f. The 
values of Y at the wall (q = 0) were then found 
by extrapolation. As the value of n is increased, 
the value of u at the outer edge of the boundary 
layer decreases (see Fig. 1). This decreases the 
range of values which ? can assume, if Re,* 
is not increased. The size of the u inurement, for 
a given value of Sz or Xf, was determined by 
repeating the calculations for different values of 
the increment until the boundary conditionY’ = 
0 was most nearly approached as q decreased 
to the wall. All calculations in this report were 
made at an assumed Reynolds number, 
Re,*, of 5500. Within the range of values of n 
which were considered, this corresponds to 
local skin friction coefficients, cI, between 
OX)032 and 0X)0226. Although the effects of o 
on the results are not specifically illustrated 
in this report, the calculations showed that the 
assumed values of w or Re,* have a very small 
effect on the results. This fact was previously 
noted in the original report by Rotta [ll]. In 
order to show the independent effects of a wall 
heat flux gradient and a free stream pressure 

gradient, the calculations were. made by letting 
n assume finite values while Q = 0, and vice 
versa. These effects are discussed independently 
in the paragraphs that follow. 

5.1 Eflecect of wall deaths gr~ie~ts 
The effects of a constant heat gradient 

parameter on the temperature distribution 

0 2 4 6 8 
F= &,-l/)/u, - 

FIG. 2. Influence of the wall heat flux gradient parameter (9) 
on the temperature defect profiles with constant turbulent 
Prandtl number (5, = 09) and zero pressure gradient (n= 0). 

0 6 
F=z,l&- Ld, - 

8 

FIG. 3. Influence of the wall heat flux gradient parameter ($2) 
and variable turbulent Prandtl number (a,) on the tempera- 
ture defect profiles with zero pressure gradient (I?’ = 0). 
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through an incompressible equilibrium 
boundary layer are illustrated in Figs. 2-4. 
These curves were computed for a zero pressure 
gradient, n = 0, so that 5 = 52, see equation 
(6). The case of constant c+ is shown in Fig. 2, 
while Figs. 3 and 4 show the additional in- 
Buence of a variabie CT,. In all cases, higher 

u 6 
F-:U,-Ol/& - 

FIG. 4. Relative influence of the wall heat flux gradient para- 
meter (a) and a variable turbulent Prandtl number (0,) on 
the temperature defect profiles with zero pressure gradient 

(ll = 0). 

values of D (corresponding to the case of 
increasing wall heat flux with x), result in 
smaller temperature differences through the 
boundary layer. Variation of the turbulent 
Prandtl number has a relatively insignificant 
effect on the temperature defect profiles (com- 
pare Figs. 2 and 3). However, the assumed 
values or distributions of 0, increase in im- 
portance as the wail is approached (Fig. 4). 
Further examples of these effects can be 
demonstrated through the use of the dimenion- 
less heat flux ratio, ~‘4~. This ratio can be 
derived by expressing equation (19) in terms of 
the non-dimensional quantities @, F, cp and cr,. 
To accomplish this, equations (lo), (20) and (24) 
are substituted into equation (19) with the 
results that 

(38) 

Use is then made of equation (15) to eliminate 
t, so that 

q/q, = z;;. f (39) 

Some examples of how this ratio varies, for 
different values of B and G, are shown in 
Figs. 5 and 6 for A’ = 0. Comparison of these 

In 7+----m 

FIG. 5. Effect of the wall heat flux gradient parameter (a) on 
the heat flux distribution with constant turbulent Prandtl 

number (or = 09) and zero pressure gradient (II = 0). 

FIG. 6. Effect of a variable turbulent Prandtl number (a,) on 
the heat tlux distribution with a wall heat flux gradient 

(K2 = 1) and zero pressure gradient (II = 0). 
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two figures rather clearly illustrates the small 
influence of o’t and the significant influence of 
I2 on the heat flux in the boundary layer. 

5.2 Effect offree stream pressure gradient 

As the free stream pressure gradient para- 
meter is increased, the temperature defect 

8 

FIG. 7. Influence of the pressure gradient parameter (n) on 
the temperature defect profile with constant turbulent 
Prandtl number (uI = Q9) and zero wall heat flux gradient 

(Q = 0) 

FIG. 8. Influence of the pressure gradient parameter (n) and 
a variable turbulent Prandtl number (a,) on the temperature 
defect profiles with zero wall heat flux gradient (a = 0). 

5 
In rl- 

FIG. 9. Effect of the pressure gradient parameter (n) on the 
heat flux distribution with constant turbulent Prandtl 
number (u, = 0.9) and zero wall heat flux gradient (62 = 0). 

profiles become flatter in the heat transfer case 
(Figs. 7 and 8). The influence of a, is, again, 
relatively insignificant. These curves were com- 
puted by assuming that the heat flux at the wall 
remained constant with x (D = 0). By referring 
to equation (10) it can be seen that, in this case, 
5 = IT. The distributions of the dimensionless 
heat tlux ratio, q/q, for various values of l7 and 
et are illustrated in Figs. 9-11. 

For the adiabatic wall, the variation of the 

0.01 0.1 0.2 8.5 
In rf - 

FIG. 10. Effect of the pressure gradient parameter (n) and a 
variable turbulent Prandtl number (a,) on the heat flux 
distribution with zero wall heat flux gradient (Q = 0). 
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1.0 

I 0.5 

h 

s 
0.0s 

001 0.1 0.2 LX 
In n - 

FIG. 11. Effect of the turbulent Prandtl number (q) on the 
heat flux distribution with an adverse pressure gradient 

(n = 1.5) and zero wall heat flux gradient (62 = 0). 

total temperature through the boundary layer 
is investigated. By definition, the total tempera- 
ture is 

T, = T-I U2/2c,. (40) 

By making use of equations (10, (24) and (31) 
the above equation can be expressed in non- 
dimensional form as 

2cpK - T,cJ (a 

UJ, = fW 
-1)(2-wF)F+ Y,. (41) 

The relative variation of the total temperature, 
according to the above equation, is shown in 
Figs. 12 and 13. In close proximity to the wall 
the total temperature must be smaller than the 
free stream total temperature (T, < T,,). The 
reason for this is that the adiabatic wall tempera- 
ture is smaller than T,,, and the local total 
temperature T, must approach the adiabatic 
wall temperature as the wall is approached. 
However, in the outer layer the increase in 
turbulence causes a reversal in this trend, so that 

T, ’ L These observations were previously 
noted and illustrated by Rotta [ll]. The effect 
of an adverse pressure gradient is to increase the 
total temperature differences in both the inner 
and outer areas of the boundary layer (Fig. 12). 
It should be pointed out that the first term in 

FIG. 12. Effect of the pressure gradient parameter on the 
total temperature distribution for the adiabatic wall case 

with variable turbulent Prandtl number. 

equation (41) is influenced more by l7 than the 
second term This fact will be further explained 
in the discussion of the Recovery Factor in the 
next section. The effect of increasing or de- 
creasing o’nu is shown in Fig. 13. 

0 

-0.8 

- 1.6 

t 
L 

FIG. 13. Effect of the turbulent Prandtl number at the wall 
on the total temperature distribution with zero pressure 

gradient (ZI = 0). 
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5.3 Reynolds analogy and recovery factor through the use of the Stanton number. 
With the help of the “friction temperature”, -4w 

defined by Squire, equation (5) the “tempera- St = (43) 

ture law of the wall” for heat transfer can be 
@UT, - T,) 

defined by and the friction coefficient 

T=T,-t, fJ~w~+(Pr-o~w)a 
[ 1 (42) 

1 

where a is a dimensionless quantity which, 
outside of the sublayer, is only a function of the 
ratio Pr/a, and is constant [ll]. The basic 
Reynolds analogy is a statement of equality 
between the rate of turbulent heat transfer and 
the rate of momentum transfer in the y direction 
at the wall. This equality only exists if Pr = otw = 
1.0 and If = 52 = 0. The comparison is made 

bt 1 I 
@ 1.0 
0 a9 const. 

@ a7 
@ a9- 0.4 (y/lfJ 

n=o 
I 

1 
l7 

(44) 

where, for Pr = CT, = 1.0 and I7 = Q = 0, the 
Reynolds analogy factor, 2St/c,, is one. By 
using the temperature law of the wall, equation 
(42), the concept of the Reynolds analogy factor 
can be modified to include a more general 
class of flows. After substituting equation (42) 
into equation (43) the modified Reynolds 
analogy factor is 

St 1 ---Z 
c/12 gtw + o[ !P* + (Pr - 6,,)Zj 

(45) 

where !Pq is the asymptote of Y as the wall is 
approached. The variation of the Reynolds 
analogy factor with cr, ll and a is shown in 
Figs. 14-16. The manner in which 2 St/c, 
varies with II and 62 is in general agreement 
with the computed results of Alber and Coats 
[12] and the experimental results of Bell [13]. 

1.6 

St - 
“r/2 

L! 

12 

10 

-012 0 1 2 
R 

FIG. 14. Effect of the pressure gradient parameter (I7) on the FIG. 15. Effect of the wall heat flux gradient parameter (0) 
Reynolds Analogy Factor for various turbulent Prandtl on the Reynolds Analogy Factor for various turbulent 

number distributions. Prandtl number distributions. 
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The increase of 2 St/cf with decreasing values of 
ctw (Fig. 16) was also noted in the computations 
made by Rotta [l l] for ZI = s2 = 0. 

20k?ddd4T0 

w- 
FIG. 16. Effect of the turbulent Prandtl number at the wall 

on the Reynolds Analogy Factor. 

The Reynolds analogy and the modified 
Reynolds analogy are basically comparisons 
of the shear stress and the heat flux at the wall. 
Of additional interest is the relative variation 
of these two quantities throughout the entire 
boundary layer. This comparison can be made 
in the outer part of the boundary layer through 
the use of the dimensionless ratio (r/z,)/ 

(q/q,,), where r/r, and q/q,,, were previously 
defined by equations (20) and (39), respectively. 
This ratio can be expressed as 

tJr, a,F’ 

q/q, = F. 
(46) 

A plot of the ratio (z/z&q/q,), under the 
conditions considered in these sample calcula- 
tions, rather clearly shows the relative influence 
of II, D and o, (Figs. 17 and 18). In considering 
these profiles, it should be pointed out that a 
singularity exists at the outer edge of the 
boundary layer, where the dimensionless shear 

2.5 

20 

lS----- 

l.O/ 

0.5 

0.0 
001 

,: 

I 
m 17 - 

FIG. 17. Influence of the pressure gradient parameter (n) on 
the shear stress-heat flux ratio with zero wall heat flux 

gradient (Q = 0). 

FIG. 18. Effect of the wall heat flux gradient parameter (Q) 
on the shear stress-heat flux ratio with zero pressure 

. _ _ stress and heat flux ratios approach zero at the gradlent (f1 = 0) 
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same point r~ = 6/A. This situation results 
from the fact that equation (46) was basically 
derived from equation (19) which leads to the 
assumption that the thermal and velocity 
boundary-layer thicknesses are equal. The effect 
of this assumption on the interpretation of the 
results cannot be precisely stated. However, the 
general effects of n and LJ on the heat flux 
distributions are in agreement with the trends 
noted in the work of Alber and Coats [12], in 
which the assumption of equal thermal and 
velocity boundary layer thicknesses was not 
made. The profiles indicate the following general 
tendencies for incompressible turbulent 
boundary layers : 

The turbulent shear stress in the outer 
part of the boundary layer increases much 
more than the turbulent heat flux when 
an adverse pressure gradient exists. This 
trend is reversed when II < 0. Figure 17 
illustrates these tendencies for constant (T,. 
With increasing values of wall heat flux 
gradient (B > 0), the turbulent heat flux 
in the outer layer decreases (Fig. 18). 
A comparison of Figs. 17 and 18 shows that 
wall heat flux and free stream pressure 
gradients have the same general effect on 
the heat flux distributions in the outer 
part of the boundary layer. 

In a manner analogous to the heat-transfer 
case, a temperature “law of the wall” for the 
adiabatic wall case, can be given by 

T= T,-o,&$G&Jb (47) 
P P 

where T, is the equilibrium temperature and 
b is analogous to u and is a dimensionless con- 
stant only dependent on the ratio B/a, [ll]. 
In the adiabatic wall case, the Recovery Factor, 
defined by 

I = 2c,(T, - T,)/U2, (48) 

is a useful parameter to aid in the description 
of the temperature distribution through the 
boundary-layer. After substituting equations 
(lo), (31) and (47) into equation (48) the Recovery 

Factor can be defined by 

r = arw + wY~ + m2(Pr - at,,,) b (49) 

where !Pa is the value of Y at the wall. As in- 
dicated in Fig. 19, the Recovery Factor does not 
appear to be affected by a free stream pressure 
gradient, within the range of values of ll which 
were used in the computations. At first glance, 
this does not appear to be consistent with the 
results illustrated in Fig. 12, where the pressure 
gradient parameter is seen to have a very 
significant effect on the total temperature 
distributions throughout the boundary layer. 
However, for a given af and o, the quantity 
plotted in Fig. 12 is a function of both F and Y 
(see equation (42)), while I is only a function of 
Y very close to the wall. As Lr is varied from 
- 0.2 to 2.0, the magnitude of Y close to the wall 

Recovery Factor 

FIG. 19. Influence of the pressure gradient parameter (I7) 
and the turbulent Prandtl number at the wall (a,,) on the 

Recovery Factor. 
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increases very slightly for the assumed distribu- 
tions for G? Furthermore, when this small 
variation is multiplied by w = 004, as in 
equation (49), the effect on T is barely discernible. 
In other words, the Recovery Factor does nof 
appear to be sensitive to the so called “history 
effects” which were observed in the heat transfer 
case. However, the Recovery Factor is signifi- 
cantly influenced by the assumed value or 
distribution for 6, (see Fig. 19). The distribution 
of = 0.9 - 0.4 (y/6)’ yields a value of r = 038, 
which agrees with previous theoretical and 
experimental results (e.g. Ref. Ill]). 

5.4 Temperature distributions in expanding flaws 
measurements in compressible, expanding 

flows have indicated significant deviations from 
the Crocco theory [4], even in the absence of 
free stream pressure gradients. There has been 
much speculation about the basis or causes of 
these deviations. One theory is that the boundary 

FIG. 20. Comparison of temperature distributions for 
expanding flows. 

layer at a given downstre~ point cannot be 
uncoupled from the upstream flow conditions. 
For example, if a pressure gradient exists 
upstream it influences the conditions at down- 
stream points even though II = 0 at these 
downstream points. These effects are sometimes 
referred to as “history effects” and the specula- 
tion is that they influence the boundary layer 
in the same way that a pressure gradient 
through the whole flow field would [12]. 
Another possibility is that the turbulent Prandtl 
number cannot be assumed to be constant 
from the wall to free stream. In addition, even 
with the most careful and exact measuring 
techniques, it has not been possible to totally 
eliminate the effects of wall heat flux gradients. 

As already shown by the profiles previously 
presented (e.g. Figs. 24 etc.), the wall heat 
flux gradients have a very significant effect 
on the boundary layer tem~rature distributions 
and heat flux. Although the incompressible 
low speed solution for equilibrium boundary 
layers cannot be directly related to the super- 
sonic case for expanding flows, the general 
tendencies of the flow to react to pressure 
gradients, wall heat flux gradients and turbulent 
Prandtl number would probably be the same. 
Therefore, these effects are shown in Fig. 20 for 
comparison with the Crocco theory. Since the 
considerations in this work are restricted to the 
outer turbulent part of the boundary layer, only 
about one-half of the profiles (solid lines) shown 
in Fig. 20, are the result of actual com- 
putations. Under the assumptions of a constant 
et = 09, a zero pressure gradient, II = 0, and 
a negative wail heat flux gradient (Q < 0), the 
computations yield a curve which almost 
exactly corresponds to the quadratic curve in the 
outer part of the boundary layer. It can be 
argued that this agreement is strictly coincidental 
under the assumed conditions. However, 
previous experimental and theoretical research 
[9, 111 has indicated that the turbulent Prandtl 
number at the wall, o,, is closer to @9 than 1.0. 
The profile for cl,,, = 1.0 is shown for com- 
parison in Fig. 20. The variation of a, is, again, of 
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little significance in the outer layer. Furthermore, 
it would be reasonable to assume that, in most 
experimental investigations, a negative wall 
heat flux gradient exists (corresponding to 
decreasing wall heat flux with x). Therefore, if 
these two premises are accepted (a, = 09 and 
0 < 0), the deviation of temperature profiles in 
turbulent boundary layers from the Crocco 
theory can be reasonably explained. In this 
regard, it should be noted that positive or 
negative free stream pressure gradients have the 
same general effect on the temperature distri- 
butions as do positive or negative wall heat flux 
gradients (Figure 20). 

6. CONCLUSIONS 

By applying the equilibrium or similarity 
concepts to incompressible turbulent boundary 
layers, the influence of free stream pressure 
gradients, wall heat flux gradients and varying 
turbulent Prandtl numbers on the boundary 
layer temperature profiles can be determined. 
Neglecting the viscous sublayer seems to have 
a more significant effect as the absolute value of 
the pressure gradients or wall temperature 
gradient increase. The turbulent heat flux 
decreases in comparison to the turbulent shear 
stress in the outer part of the boundary layer 
when positive wall heat flux or free stream 
pressure gradients exist. The general effects of the 
wall heat flux gradient parameter Sz and the 
pressure gradient parameter n on the tempera- 
ture distribution and heat flux in the boundary 
layer are the same. This is analogous to the 
condition in a laminar thermal boundary layer, 
where heating the wall has the same effect on 
boundary layer heat flux as a free stream pressure 
gradient [6]. The tendency to deviate from the 
Crocco theory, observed in compressible 
boundary layers, can be duplicated in the 
incompressible case by including the effects 
of negative free. stream pressure or wall heat 
flux gradients and assuming that the turbulent 
Prandtl number 0, = 0.9. For the adiabatic 
wall case, the Recovery Factor does not appear 
to be influenced by adverse pressure gradients. 

However, it increases as the turbulent Prandtl 
number at the wall is increased. 

Perhaps the most important conclusion to 
be made from these sample calculations is that 
the heat flux and temperature distributions in 
incompressible turbulent boundary layers are 
extremely dependent on the free stream pressure 
gradient and wall heat flux gradients. It can also 
be speculated that compressible turbulent 
boundary layers would be affected in much the 
same way. 

The significance of this dependence on n 
and G! becomes evident when one considers 
that it is extremely difficult to design and carry 
out experimental investigations in which pres- 
sure gradients and wall heat flux gradients can 
be completely eliminated. Therefore, it would 
appear to be worthwhile to include these 
effects, under rigidly controlled conditions, in 
future experimental turbulent boundary layer 
measurements. 
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DISTRIBUTION DE TEMPERATURE ET DE FLUX THERMIQUE DANS LES COUCHES 
LIMITES TURBULENTES EN EQUILIBRE ET INCOMPRESSIBLES 

Riisum~Les concepts de couche limite en equilibre sont utilises pour determiner la distribution de 
temperature et les flux thermiques dans les couches limites turbulentes et incompressibles. On considere 
et d&cute les effets des gradients de flux thermique parietaux, des gradients de pression dans l’ecoulement 
libre et des nombres de Prandtl turbulents variables. Les deux cas du transfert thermique et de la paroi 
adiabatique sont analyses et on calcule le facteur d’analogie de Reynolds et le facteur thermique parittal. 
11 est fait une comparaison entre la tension tangentielie et le flux thermique par turbulence. Une attention 

est port6e a la zone externe turbutente entierement dtveloppte de la couche limite. 

TEMPERATUR- UND WARMESTROMVERTEILUNG IN INKOMPRESSIBLEN, 
TURBULENTEN GLEICHGEWICHTSGRENZSCHICHTEN 

Zusanunenfaaaung-Die Begriffe der GIeichgewichtsgrenzschichten werden verwendet, urn Temperatur- 
verteiiungen und W~rmestrom in turbnlenten, inkompressiblen Grenzschichten zu bestimmen. Die 
Effekte von W~dw~rmestromgradienten, Freistrom~uck~radienten nnd verlnderlicher turb~enter 
Prandtl-ZahJ werden betrachtet und diskutiert. Die zwei Falle der W~me~bertragung und der adiabaten 
Wand werden analysiert und der Reynolds-Analogiefaktor und der Riickgewinnfaktor werden berechnet. 
Es wird ein Vergleich gemacht zwischen der turbulenten Schubspannung und dem turbulenten Warmestrom. 

Die Betrachtungen werden durch den Lusseren, voll entwickelten Teil der Grenzschicht begrenzt. 

~ACHPE~E~EH~~ TEMIIEPATYPbI M TEIIJIOBOI‘O ITOTOKA 13 
H~C~~MAEbIX TYP~Y~EHTHb~X P~~~HO~ECHbIX H~rP=~H~~rHht~ 

CJIOFiX 

AHIIOTaqEISI-HOHnTIIfi paBHOBaCHbIX nOfpaHMqHbIX CJIOeB l4C~iOJlb3J'ioTCff f&JIR Otipe;(eJIeH,ln 
paCtlpe~e~eHi4~ TeMneptiTJ'pbI I4 TenJIOBOrO IlOTOKa B Tj'p6JVIeHTHbIX HeCIKMMSMbIX nOrpa- 
HMYHbIX CJIORX. PaCCMaTpl4BEieTCfl I4 06CyHWeTCfI 3@eKT rpaHI4eHTOB TelTJiOBOrO IlOTOHa 
Ha cTeHHe,rpa~HeHToB RaBJIeHaR Hafieralolqero noToKa 14 I13MeHeHEiR Typf$IeHTHOrO Ymxa 
rIpaiiATm. AHan&I3HpymTCSI Ana cxyYaH nepeHOCa Tenna EI cnysah a~wa6aTwec~oti cTeHwr; 
paCCW4TbIBalOTCR Ha MaLUMHe K03@@i~ReHTbI BOCCTaHOBJIeHklH I4 aHaJIOI?4M PehOJIb~Ca. 
npOBeAt?HO CpaBHeHIle Me%@’ paCfIpeAeJIeHI4eM CW4EiEiTYp6J'JIeHTHblX TeRJIOBhiX 1IOTOKOB. 
PaCCMOTpeHHR OrpaHMYeHbI ESHelUHe~ IIOiIHOCTbK) pa3BHTOti T~p~~~eHTHO~ YaCTblO nOrpa- 

HkfYHbIX C.?O&B. 


